We give a construction of Kirby weight systems associated to sl(2) and valued into the finite field Z/pZ. We show that it is possible to apply this sequence of weight systems on the universal invariant of framed link. We also show that the corresponding sequence admits a Fermat limit, which defines an asymptotic rational homology 3-sphere quantum invariant. Moreover, this asymptotic invariant coincides with the Ohtsuki invariant. * On leave of ENSLAPP,ENS-Lyon, FRANCE. This work is supported by CNRS and NATO grant.
1 Introduction first showed that it was possible to construct a 3-manifold invariant from the universal framed link invariant if one could find a weight system satisfying the so called Kirby relations (we call such a weight system a Kirby weight system). Then they constructed a universal Kirby weight system which maps the space of chord diagrams to the space of trivalent graphs satisfying Jacobi (or so called I-H-X) relations. Moreover, T.Q. Le showed [15] that the resulting object obtained by applying this Kirby weight system is the universal invariant of rational homology sphere, i-e the graded isomorphisms between Jacobi trivalent graphs and finite type homology spheres invariants. This result is the 3-manifold analogue of the celebrated theorem of Kontsevich for knots [11] . One can think that this is the end of the story. But a lot of questions were remaining like the correspondence between this universal invariants and the numerical ones obtained from the W-R-T or Ohtsuki constructions. Of course, Ohtsuki [20] proved that by applying the su(2) trivalent graphs weight system on the universal Homology sphere invariant one obtains the Ohtsuki invariant, see also theorem 8.5 of [19] .
Our aim in this paper is to give a completely different construction of a Kirby weight system in the case of su (2) and to evaluate the corresponding 3-manifold invariant. Our construction is very reminiscent of the Reshetikhin Turaev construction in the sense that the the su(2) Kirby weight system on chord diagrams we propose is obtained as a weighted sum of weight systems over irreducible representations. In order to give a meaning to this sum we were forced to work in non zero characteristic fields. this restriction appears analogous to roots of unity regularisation at the level of weight systems. Using results of Le [16] on integrality properties of the Universal framed link invariants we apply this weight system on this invariant. We show that the corresponding object admits a "Fermat limit" which is the Ohtsuki invariant given in terms of Gaussian integrals. This fact appears as a specific realization in the case of su(2) of the conjectural proposal given in [5] . Moreover this limit is the same for su (2) and so(3) invariants. The first part of this paper was presented in Knots 96 Tokyo conference. The study of the general Lie algebra case is under construction in collaboration with D. Altschuler.
In section 2 we present the construction of skein modules in non zero characteristic fields. The material of this part is largely borrowed from [25] (see also [10] ), but I couldn't find in the literature any references concerning the finite field characteristic case (even if it is very similar to the root of unity case). I also present in this section some recoupling theory theorem that I uses in the following. The third section is devoted to the construction of weight system from skein modules, the link between zero and non zero characteristic field weight system and the link with the usual definition of su(2) weight system. The section 4 presents the construction of a so(3) and su(2) weight system, the proof that they satisfy the Kirby relations and the study of some of the important properties that these weight systems satisfy. In the section 5 we take advantage of these properties in order to apply the Kirby weight systems the Universal Framed link invariant. We then show that the resulting object admits a Fermat limit expressed in terms of Gaussian integrals. This fermat limit is the same for the su(2) and so(3) case and moreover they coincide with Ohtsuki construction.
Skein Module Preliminaries
In this article p will denote a prime odd integer. Z/pZ is identified with the set {0, · · · , p−1} and the set of invertible element of Z/pZ with {1, · · · , p − 1}. If k ∈ Z we denote by ψ p (k) its image in Z/pZ; moreover, if k is not divisible by p then ψ p (k) is invertible in Z/pZ and we denotes its inverse by ψ p (
Definition 1
We denote by S p (k, l) the Z/pZ-module generated by (k, l) tangles with the following relations : Lets us call simple the tangle diagrams without any crossing and without any circle; using the skein relation, we have the following lemma : Using the skein property any tangle can be decomposed uniquely into a sum of diagrams without any crossings. Using 2.1, this sum can be expanded into a sum of simple diagrams. Thus we get the first property of the lemma. The second part of the lemma is obtained by direct computations. In particular, the basis of S p (0, 0) is given by the empty tangle, so this
gives an identification of S p (0, 0) with Z/pZ. If x ∈ S p (k, n) and y ∈ S p (l, k) we can define the composition x · y ∈ S p (l, n) by stacking elements (see fig 5) and the tensor productx ⊗ y by juxtaposing elements (see fig 6) . We also define a trace trf to be the closure of f as in figure 7 . In S p (k, l) we consider the submodule of null elements N p (k, l) defined as follows :
Let σ ∈ Σ(n) be an element of the symmetric group on n elements, and denote by T (σ) the associated tangle in S p (n, n). If n ∈ {0, 1, · · · , p − 1}, then we define an element f n of S p (n, n) as : In particular f 0 is the empty tangle. This element satisfies the following properties : The first two properties are clear from the definition of f n ; for the third property we can suppose, using the behavior of f n under permutations, that g connects the strands i and i + 1, in which case proof is given in figure 9 , while the first equality is obtained from 2.6 and the second using fig 4. From the definition of f n it is clear that, for n ≤ p − 2
where t n,n+1 is the permutation of n with n + 1. Then, using the skein relation and property 2.5 the conclusion of 2.8 is direct and 2.9 is shown by recurrence using 2.8. In particular the relation 2.9 implies that The following lemma is satisfied:
where s runs over a finite set of indices,
So it is enough to show this property for the identity tangle I n ∈ S p (n, n). We will show it by recurrence :
And we define the invariant skein module I( k, l) ⊂ S p (| k|, | l|) as follows:
(2.12)
We say that the triple (i, j, k) ∈ I p 3 is admissible if and only if i + j − k ≥ 0, i − j + k ≥ 0, −i + j + k ≥ 0 and i + j + k is even. We say that the triple (i, j, k) is p-admissible if and only if it is admissible and i + j + k ≤ 2(p − 2). 
Proof Let T be a simple tangle in S(i, j + k),and denote by IT = f j ⊗ f k T f i the associated invariant tangle. If (i, j, k) is not admissible then T possesses an arc connecting i (resp. j, k) with itself. Thus the property 2.7 implies that IT = 0, so
is the simple diagram with a = (−i + j + k)/2 arcs connecting j with k, b
where
This property is a consequence of 3.1. Thus
Moreover we have the following identity :
p . Here δ i,l denotes the Kronecker symbol and
, by the preceding lemma it is equal to 0 if i = l and proportional
The coefficient of proportionality is calculated by taking the trace.
admissible triples and
; using theorem 1 we know that f = n+ s x s f is y s where s runs over a finite set of indices, i s ∈ I p , n ∈ N p . And x s (resp. y s ) is an element of
The sum is over all i such that (i, l 1 , l 2 ) and (i, k 1 , k 2 ) are p-admissible triples and α i ∈ K p . Moreover, multiplying both side by
on the right and using 2.15, we get the desired result for α i .
2
In particular,
3 Spin Networks, Chord diagrams and weight system A p-spin network is a trivalent graph Γ equipped with a cyclic orientation at each vertex and with an p-admissible coloring, which is a mapping from the edges of Γ to I p , such that every
p surrounding a trivalent vertex is p-admissible. If Γ is a p-spin network we can associate a closed invariant tangle, denoted e p (Γ) ∈ I p (0, 0) = Z/pZ, to any immersion of
The correspondence is the following : To each edge colored by i ∈ I p of the immersed spin network we associate the tangle f i ∈ I(i, i), and to each trivalent vertex of the immersed spin network colored by the admissible triple (i, j, k), with a positive orientation we associate the tangle Y (i, j, k) (see figure 10) . Moreover, the relations of lemma 1 imply Untill now we have worked in characteristic p, but of course it is much more standard to work in characteristic 0 [10, 25] , in which case we just have to replace in what we said Z/pZ by Q, ψ p by the identity map, I p by N and so on. Let e be the standard spin network evaluation in characteristic 0, then :
Proof If Γ is a p-spin network, using the definition of f i we can expand e(Γ) into a finite sum
, where T (i) are closed tangles and a i ∈ Q p . If we evaluate e p (Γ) we get the same result but with a i replaced by ψ p (a i ). Each closed tangle is evaluated as an integer using 2.1, 2.2, these relations don't depend on the characteristic thus we get the proposition 2. We denote by λ a p-coloring of X i-e a mapping from the set of connected components of X to I p = {1, · · · , p − 2}. And we define a weight systemω T λ which associates a spin network to a chord diagram. The rules defining ω T are given in the figures (12, 13) where ∆ is the coproduct, as shown in figure 14 . Using the tangle evaluation e of spin networks we define the linear form :
We have the following proposition :
is a weight system i-e it defines a linear form on A.
Proof This is a direct consequence of the relation presented in figure 15 which is itself consequence of the relations of figures 16 and 17. 
It is well known that given a Lie algebra G and an invariant scalar product on G we can associate a weight system to any coloring of Wilson lines by representations of G. We denote by (e, h, f ) the basis elements of sl(2) which satisfy the following commutation relations:
The quadratic Casimir is given by C = e⊗f +f ⊗e+ 1 2 h⊗h. We denote by V λ the irreducible highest weight sl(2) module of weight λ given in a basis (v i ), i ∈ {0, 1, · · · , λ} by:
The value of the quadratic Casimir in the representation V λ is given by
the sl(2) weight system associated with the Lie algebra sl(2) and with a coloring of of the components of (S 1 ) L by finite dimensional irreducible representations V λ i of sl (2) and with the normalization of the quadratic casimir given by the trace in the fundamental representation. Then : is the usual diagonal action and the action of sl(2) on V 1 is given by 3.5.
We define a linear map τ :
as follows : Let I 1 be the (1, 1) tangle consisting of one vertical line, X be the (2, 2) tangle consisting in a simple crossing, ∩ (resp. ∪) be the simplest (2, 0) (resp. (0, 2)) tangle consisting of one line and no crossing, and define
where (v 0 , v 1 ) is the basis 3.5 of
. By a direct computation we verify that τ (O) = −2, where O denote the circle and τ (I ⊗I)+τ (X)+τ (∪· ∩) = 0, so that τ is well defined on the skein module S. Let C 1 ∈ Hom(V 1 ⊗ V 1 ) be action of the quadratic Casimir on
τ (X). Now if t is the chord diagram consisting of one horizontal chord connecting 2 vertical strands then, by the definition of the sl(2)-tangle weight system, we have that ω sl(2) (t) = −τ (ω T (t)) = C 1 . Moreover τ (f i ) corresponds to the symetrisation operation and thus to the projection operator P i from V ⊗i 1 to the irreducible representation V i . If f ∈ I(i, i) is an invariant tangle then using the definitions of the traces and of ∩, ∪ we see that tr(f ) = (−1)
Let D be a chord diagram which is built on an oriented one-dimensional compact manifold X, and denoteĈ the chord diagram obtained from C by reversing the orientation of one connected component X i of X. A weight system ω is said independent of the orientation if
where n i (D) is the number of vertices lying on X i . figure 18 . We are now able to state one of the main theorems of this paper : Let D be a chord diagram with support X, let (λ i )i = 1, · · · , n be the coloring of the connected components of X and denote ∆ λ = n i=1 (−1) λ i (λ i + 1).
Definition 2 A weight system is a Kirby weight system if it is independent of the orientation and if it takes the same value on any two chord diagrams which are related as in
. t t = . . . . .
Theorem 1 The weight system
so (3) ) given by :
where the sum is over all λ i ∈ I p (resp. λ i ∈ I p ∩ 2Z), is a Kirby weight system valued into the field Z/pZ.
Proof The proof is given in figure 19 where we use the formula 2.19 and the relation of figure 13 . The proof is given for the sl(2) case, for the so(3) case it is exactly the same proof taking into account that if (i, j, k) is an admissible triple and i, j are even then k is also even. . Moreover,
Proof Let U(sl(2)) Z the subring of U(sl(2)) generated over Z by the Chevalley basis elements e, f, h (3.8). The structure constants appearing in the commutation relations of the Chevalley generators are integers; thus U(sl(2)) Z admits a Z-basis consisting of all
Using the definition of the sl(2) weight system and the fact that 2C ∈ G Z ⊗ G Z where G Z denotes the Z-linear span of the Chevalley basis, it is clear that 2 Let Z(sl(2)) be the center of U(sl(2)) and let V λ the irreducible highest weight module of (non necessarily integral) weight λ. If z ∈ Z(sl(2)), z acts as a scalar on V λ , denoted as χ λ (z). From Harish-Chandra's theorem we know that the infinitesimal character χ λ (z) is an even polynomial in λ + 1 whose degree is at most the degree of z with respect to . . . . . .
the filtration of U(sl (2)). In the case of sl(2) the center Z(sl (2)) is generated by C and (2))] be the subspace of U(sl (2)) generated by all commutators. We then have that U(sl(2)) = Z(sl(2)) ⊕ D ([9]) so we can extend χ λ to all of U(sl(2)) by requiring it to be 0 on D. When λ ∈ N, V λ is finite dimensional and tr V λ (x) = (λ + 1)χ λ (x). Let v i , i = 0, · · · , λ the basis of V λ given in (3.8) and denote V λZ
We can conclude from this analysis that :
is an odd polynomial of degree n i (D) + 1 in λ i + 1 taking integer values when λ i , i = 1, · · · , L are integers. It is a standard exercise to show by recurrence that such a polynomial is a Z-linear combination of the polynomials
,
is a polynomial with integer coefficients.
In order to prove the second part of the theorem we consider the partial trace
This is a well defined operation ( i-e which do not depend on the particular choice of x(D) ) moreover x 1 (D) ∈ U(sl(2)) Z ∩Z(sl(2)) thus x 1 (D) is a polynomial of degree n i (D)/2 in 2C with integral coefficients.
Preliminary
Consider D <2n the subspace of A(X) generated by all chord diagrams which possess less than 2n univalent vertices on one component of X, and denotebyφ n : A(X) → A(X)/D <2n the canonical projection. By definition,
where n i (D) denote the number of univalent vertices on the i th component of the diagram
) and we denote by
, · · · ,
1 n ] the ring generated over Z by { 1 2 , · · · ,
, then :
where * in ω * means sl(2) or so(3). This proposition state that sl(2) and so(3) Kirby weight systems are essentially the same.
We have the following lemma :
The first equality, which is the Von-Staudt theorem, follows directly from the fact that the group of invertible elements of Z/pZ is the cyclic group of order p − 1 for p prime. for the second equality consider :
making the change of variables j = p − k the second term in the LHS can be written as
We get the desired result using the fact that 2 2i = (p)
Proof of Proposition 5 Let ψ p :
This is well defined since we have seen in prop.4 that ω
, thus we can distribute ψ p and apply the preceding lemma to get the first conclusion of the proposition.
If D is such that φ Np (D) = 0, for example n 1 (D) < 2N p , then using the results of prop.4 especially the fact that the coefficient of (λ 1 + 1) 2(k 1 +1) belong to Z (2) we have
The asymptotic Invariant for rational homology 3-sphere Let L be a framed link andẐ(L) be the canonical Vassiliev invariant [1, 12, 7] . Which is a formal power series in :
Let ν be the value ofẐ for the un-framed trivial knot and defineŽ(L) = ν ⊗ · · · ⊗ ν ·Ẑ(L), where the product is realised with the connected sum along each component of L. One of the main theorem of [13] states that if ω is a Kirby weight system then ω •Ž(L) is invariant under the second Kirby move (hand-slide) and under the change of orientation. Once we have a Kirby weight system we can construct, up to a normalisation problem, a framed link invariant, independent of the orientation and invariant under all Kirby moves, hence a 3-manifold invariant. The problem we face in our case comes from the fact that the weight systems we constructed are valued into a non-zero characteristic field. In order to apply our weight system to the universal invariant we need to know the integrality properties of its coefficients. T.Q. Le in a recent paper [16] 
where |L| denotes the number of connected component of the link L.
L is called algebraically split if it is a framed link with diagonal linking matrix. It is known that if M is rational homology 3-sphere then there exist Lens spaces such that the connected sum of M with these lens spaces can be obtain by surgery along an algebraically split link possessing a non degenerate linking matrix [13] . Using the multiplicative property of the invariant under connected sum this means that the computation of the asymptotic invariant we are going to make is applicable to atleast the case of all rational homology 3-spheres.
Definition 3
If L is an ASL we can define :
where p is a prime odd integer and N p = (p − 3)/2. Let U ± be the unknot with framing ±1, F p (U ± ) is an invertible element (i-e the coefficient of 0 is non zero, see 5.10). For L an ASL we can define :
where σ + (resp. σ − ) is the number of positives (resp. negatives) eigenvalues of the linking matrix of L. O p * (L) is invariant under all Kirby moves.
Fermat limit
For a complete discussion of the notion of Fermat limit, see [17] . For the reader's convenience we recall here some definitions that we are going to use.
Definition 4 Let (u p ) p prime be a sequence of Z/pZ numbers. We say that (u p ) p prime admits a Fermat-limit if there exists a rational number u and N ∈ N such that ψ p (u) = 
We say that (F p ) p prime , F p ∈ S p admits a strong Fermat limit if there exist
F p for all p > N.
Definition 5 Given integers f 1 , · · · , f n we consider a formal integration procedure defined by :
We can extend by linearity I f , to all formal power series of the form n, k S n, k n (
Remark
If we consider as an imaginary number whose value is
is really an integral :
admits a strong Fermat limit which is
where * denotes sl(2) or so(3), ǫ(sl (2)
is the Legendre symbol 
n F n is equal to :
For example
(5.10)
The asymptotic rational homology 3-sphere quantum invariant O is defined as the Fermat limit of O p . If we denote J α the colored Jones polynomial then :
This expression correspond to the Rozansky formulation of the Ohtsuki invariant [24] . Using the definitions of mod( Np(L+1)+1 ) and φ Np we have the expansion, 12) where 
Proofs
Using the notation of proposition 4 and the fact that
this can be expressed as :
We know from proposition 4 that
we can distribute ψ p over all the factors appearing in 5.14. Using the result of Lemma 5 we get :
The computation for the case of so (3) is the same except that we have to replace ǫ p by 1 2 ǫ p (see proposition 5).
Making the change of variable j i = l i + k i − N p , we can express (5.14) in the following way : 16) where the summation is over all k, j satisfying 0
Using the identity :
we get if ψ p (f i ) = 0 ǫ( * ) . This proves the first part of the theorem 2.
We know from 4 that . We can conclude that if n ≤ N p (L + 1) then F p,n is equal to the coefficient of n in the development of :
From theorem 3 each term of this finite sum admits a Fermat limit; hence F p,n admits a Fermat limit which is the coefficient of n in the development of :
Let us denote U ± the unknot with framing ±, ν the value ofẐ on the un-framed unknot and J α (L) = ω α (Ẑ(L ′ )) the colored Jones polynomial. sgn(f i )) 25) and if, for example, we compute the invariant for the Lens space L(n, 1), we get :
O(L(n, 1)) = e − 4 (n+ 
